Fractal behaviour, i.e. scale invariance in spatio-temporal dynamics, have been found to describe and model many systems in nature, in particular fluid mechanics and geophysical related geometrical objects, like the convective boundary layer of cumulus cloud fields, topographic landscapes, solar granulation patterns, and observational astrophysical time series, like light curves of pulsating stars.
INTRODUCTION
So far, fractal analysis has been applied with success to characterize light curves of solar-like stars (De Freitas et al. 2013 , 2016 as well as M dwarfs (De Freitas et al. 2017) . In De Freitas et al. (2013 , 2016 ) the authors characterized the solar-like stars most similar to the proper sun by studying their fractal and multifractal fingerprints, trying to finally link (multi)fractal parameters, rotational periods and flicker noise amplitudes. In this class of stars one of the possible sources of stochastic fluctuations has a simple interpretation; in fact here the mode excitation mechanism is called explicitly stochastic excitation mechanism, and it is modeled by a stochastically driven oscillator, whose driving force is a noise that models the dynamic of their typical convective thick outer layer pushing the inner radiative zone (Goldreich & Keeley 1977) . In De Freitas et al. (2017) the same authors studied fractal and multifractal properties of a M dwarfs dataset, finding interesting correlations with period of rotation and a previously well characterized magnetic activity index (Mathur et al. 2014) . M dwarfs are low-mass Based on data from COROT Archive at CAB. † E-mail: sebas@iaa.es stars, fully convective, and the observed magnetism is associated with the external convective envelope, where strong mass motions of conductive plasma induce a magnetic field through a cyclic dynamo process. Also in this case there is a clear source of stochastic fluctuations: the signatures of both granulation and acoustic oscillations, excited in the outer convective zone, are included in the noise background of the time series at high frequencies, while the signatures at low frequencies can be caused by the rotational modulation of long-lived sunspots.
Inspired by these results, this work aims at detecting any fingerprint of fractal behavior in the light curves of δ Scuti stars that may help to better understand their pulsational content, not yet well understood. Indeed, δ Scuti stars might exhibit rather complex oscillation spectra due to the presence of a thin outer convective zone together with a rapid rotation. These same characteristics made them especially interesting objects for testing the theories of angular momentum transport and chemicals (Goupil et al. 2005) . The δ Scuti stars are intermediate-mass (1.5 − 3 M ), main-sequence A-F type pulsators, whose oscillations are maintained from the varying ionization of helium (κ mechanism). In the last years, this has been put into revision due to the detection of the so-called hybrid pulsators (see e.g. Table 1 . Physical properties of the 6 δ Scuti stars studied in this work (7 · 10 4 − 3.7 · 10 5 points and 32 seconds of time step). From left to right: ID represents the star identifier; ∆ν is the estimated large separation (in µHz); FT ν ma x represents the Fourier frequency (in µHz) with the highest amplitude; T eff is the effective temperature (in K); log g the surface gravity (in logarithmic scale); v sin i is the projected equatorial velocity (in kms −1 ); SpT represent the spectral type, and τ is the observation time span in days. Uncertainties, when available, are indicated in parenthesis. These data has been obtained from Pascual-Granado et al. (2018) and references therein Grigahcène et al. 2010; Uytterhoeven et al. 2011; Balona et al. 2015) , i.e. stars pulsating with both δ Scuti and γ Doradus modes, whose oscillations are driven by convective blocking near the base of the convective envelopes resulting in the observed asymptotic gravity mode regime (Guzik et al. 2000) .
ID
In addition, ultra-precise data from CoRoT (Convection Rotation and planetary Transits, (Baglin et al. 2006) ) and Kepler (Gilliland et al. 2010 ) have revealed a flat plot of lower amplitude peaks (the so-called grass, see e.g. Poretti et al. 2009 ), whose origin have been a matter of debate. Among the candidates, it has been discussed a possible granulation background signal due to the effect of a thin outer convective layer (Kallinger & Matthews 2010; Balona 2011) . Such a thin layer was claimed to be responsible for the excitation of solar-like oscillations in δ Scuti stars (Antoci et al. 2011) . 1 This competes with other possible effects like variations of the main peaks with time (Barceló Forteza et al. 2015) , the existence of a magnetic field (Neiner & Lampens 2015) , or the large number of chaotic modes (Lignières & Georgeot 2009) predicted in significantly deformed stars due to high rotation (recently confirmed by Barceló Forteza et al. 2017) .
All the aforementioned phenomena might be detected in some way by a fractal analysis to the light curve of δ Scuti stars. Analyzing and understanding stochastic fluctuations and chaotic dynamic in the background spectra underlying the proper stellar pulsations modes could be very useful in the finding, modeling and description of the δ Scuti stars mode distributions and amplitude modulation, and could give us good hints on the proper excitation mechanism, as well as on magnetism and rotation. The paper is organized as follows. First we specify the mathematical framework in which the fractal analysis is performed (Section 2). Then, Section 3 describes the observational data selected and and the methodology followed, including a brief description of all algorithms used for the fractal analysis. Discussion of the results are given in Section 4, and conclusions are summarized in Section 6. Supplementary material is provided in appendices, including a short discussion of fractal analysis on simple theoretical models (Appendix A1), the results ob-tained with multifractal analysis (Appendix A2), and a test of the sensitivity of the CGSA algorithm (Appendix A3).
STELLAR LIGHT CURVES AS SELF-AFFINE TIME SERIES
Fractals are mathematical sets defined (Mandelbrot 1977) through Self-Similarity (i.e. geometrical invariance under homogeneous scaling), emerging from infinite iteration rules, with no integer dimension that can be measured by the so called box counting method, generalizing the Euclidean dimension. Fractal dimension D is the exponent of the power law dependence between the minimal number N r of boxes embedding the object and their linear dimension r, i.e.:
Fractal and multifractal behaviour have been found in several fluid mechanics dynamical systems: the convective boundary layer of cumulus cloud fields (Pelletier 1997), topographic landscapes and geological formation (Mandelbrot & Scholz 1989; Meakin & Jamtveit 2010) , rivers branching (Tarboton et al. 1988; De Bartolo et al. 2000) , thin film growth by molecules deposition (Barabási & Stanley 1995) .
The main interest in the study of (multi)fractal properties in such physical phenomena lies in the close relationships they have with chaotic and turbulent dynamic (Benzi et al. 1984; Meneveau & Sreenivasan 1987; Domínguez-Tenreiro et al. 1992; Lyra & Tsallis 1998) . Fractal spatio-temporal patterns and dynamics emerges in the context of critical phenomena, i.e. in the critical points of phase transitions (roughly speaking, the frontiers between two well characterized phases of a system). While in equilibrium statistical mechanics (Chandler 1987) one needs an external fine tuning of relevant control parameters (like temperature or pressure) in order to put the system exactly in the critical point, there is another class of system, described by non-equilibrium statistical mechanics, where criticality is achieved spontaneously. In the former case we deal with Self Organized Criticality (SOC) (Dickman et al. 2000) , a kind of phenomenology vastly observed in natural systems, also in astrophysical context (Charbonneau et al. 2001; Hnat et al. 2007; Aschwanden 2012) . More generally, systems in a critical state are characterized by scale invariance, they have the same appearance at any spatial and temporal scale, and the characteristic functions of the system, as correlation functions or probability distributions, have a typical power law shape, i.e. the so called scale free distribution:
On the other hand (multi)fractal behaviours could also emerge in low-dimensional dissipative systems at the onset of chaos (Domínguez-Tenreiro et al. 1992; Lyra & Tsallis 1998) , including in strange non chaotic attractors, found in a natural system for the first time in some RR-Lyrae stars (Lindner et al. 2015) .
In stellar physics fractal fingerprints in statistical observables (power law distributed) have been found in perimeter/area correlations (Roudier & Muller 1986 ) and size and lifetime distributions of solar granules (Lemmerer et al. 2017) , in sunspot number and area variability (Zhou et al. 2014; Drozdz & Oswiecimka 2015) , in magnetospheric substorms, auroras and flares (Aschwanden 2012) , and finally in light curves from pulsating stars (Pascual-Granado 2011; De Freitas et al. 2013 , 2016 . The generalization of the concept of fractal from geometrical objects to time series, lead to the property of Self-Affinity: a time series y(t) is self-affine if it has the following inhomogeneous scaling relation (Malamud & Turcotte 1999) :
where λ is the scaling parameter and the constant H is the so-called Hausdorff exponent, characterizing long term correlations and the type of self-affinity in time series. Equation 1 has to be taken in statistical meaning, so that the scaling relationship holds when one performs appropriate measures on mean values over pairs of points at the same distance or over equal length subseries or windows etc.
The purpose of fractal analysis is to obtain statistical observables and to develop tools of measure in order to characterize the spatial and temporal evolution of correlations.
METHODOLOGY
In order to avoid spurious (instrumental) effects that may mimic the fractal behaviour in the stellar light curves we have selected a sample of 6 δ Scuti stars observed by the CoRoT satellite, covering different observation times, and physical characteristics to ensure its representativity of the class (see details in Table 1 ). One possible source of false fractality might be the presence of gaps in the data, which occur at different scales and sizes. To overcome this problem gaps in the light curves (mostly instrumental) were treated with the gap-filling algorithm MIARMA (Pascual-Granado et al. 2015) , which maximizes the preservation of the frequency content. The light curves have a number of data points between 7.0 · 10 4 to 3.7 · 10 5 , with 32 seconds of sampling. In addition, two of the stars, HD 49434 and HD 48784 exhibit mode frequencies in the γ Doradus regime (Chapellier, E. et al. 2011; Barceló Forteza et al. 2017 ). These were included in the sample in order to compare the fractal behaviour of both δ Scuti and γ Doradus within the current paradigm where hybrid pulsators are a challenging case of study (see Section 1). In the framework of self-affine time series, we worked out the light curve analysis with the statistical tools of Rescaled Range analysis (R/S) (Malamud & Turcotte 1999; Kantelhardt 2008) and Multifractal Singularity Spectra Kantelhardt (2008) , already used in an astrophysical context (Pascual-Granado 2011; De Freitas et al. 2013 , 2016 , and with Fourier power spectrum analysis, the most classical tool both in the stellar pulsation and in selfaffine time series analysis. In addition we decided to explore, besides of Fourier amplitudes, the role played by the phases with the Coarse Grained Spectral Analysis (CGSA) (Yamamoto & Hughson 1993) , a novel tool which is able to quantify the contribution of stochastic fluctuations in time series. Multifractal Singularity Spectra (MSS) resulted to be very sensitive to the method, algorithm and parameters chosen, and it did not give sufficiently robust results, however we describe this tool and show some preliminary results in Appendix A2.
Rescaled Range Analysis
An often used approach to the quantification of correlations in self-affine time series, determined by the H exponent in eq.1 is Rescaled-Range analysis (Kantelhardt 2008) . Consider a discrete time series y(i), i = 1, 2, 3, . . . N, and let split it into N l = N/l non-overlapping segments of size l.
For each segment y n with n = 0, 1, ...N l − 1, we consider its running sum time series relative to the mean value, i.e.
(y n (i) − y n ) (where j ∈ (1, . . . , l) spans the whole segment). The Hurst exponent, α, is obtained from
here R l = max(ys n ) − min(ys n ) N l , and S l = σ n N l are the means over all segments of the difference between maxima and minima in the n th segment and its standard deviation, respectively. The exponent α is called Hurst exponent, from the name of its first developer of R/S technique. It has been found empirically that many data sets in nature satisfy the power-law relation of eq.2 , as river discharges, lake levels, tree ring thicknesses, sunspot numbers, and atmospheric temperature and pressure. R/S analysis is relevant in particular when one deals with quasi white fractional Gaussian noises (fGn), because here Hurst exponent is linearly related with power spectra exponent β, see next section 3.2.
Spectral analysis
Power spectrum, i.e the distribution of the signal power into frequency bins, of a self affine time series also has a power law behaviour:
From the relation β 2H + 1 we can obtain Hausdorff exponent, in the regime β ∈ (1, 3), i.e. for fractional Brownian motion, characterized by positive correlation and nonstationarity. The exponent β is also related to R/S coefficient α by β 2α −1, when α is far away to the bounds of interval [0, 1], i.e. only for fractional Gaussian noises close to white Gaussian noise, characterized by stationarity with some slight positive (α > 0.5) or negative (α < 0.5) correlations (Malamud & Turcotte 1999). When, under the required conditions, the above relationship is not hold, it follows that the time series has multifractal properties (Kantelhardt 2008) . Thus, measuring both R/S α and power spectrum β allow us first to discriminate if we are in the presence of fractional Brownian Motion or fractional Gaussian noise, secondly is a double check to characterize the amount of correlation in the case of Gaussian noises, and finally it could give us some hints on the multifractal nature of the series before a proper, and more complex, multifractal analysis is performed. For further details see appendix A1.
Coarse Graining Spectral Analysis
The Coarse Graining Spectral Analysis splits in a time series the self-affine component and the harmonic one, giving as output the percentage of (stochastic) fractal power in time series (Yamamoto & Hughson 1993) . While the majority of Fourier based analyses consider only the amplitudes of the harmonic components, disregarding half of the information resulting from a Fourier transform, i.e. the phases associated to each harmonic component, CGSA method focus also on the phase distribution. CGSA is based on the consideration that in a self-similar time series the FFT phases follows a uniform distribution Θ k ∈ [0, 2π]. We consider the original time series y(i) and the series obtained by scaling y(i) by a factor 2 and 1/2:
Next we cut those series in N s partially overlapping subsets, each one having size the 90% of the total length 2 . For each window m we compute the auto-power spectrum S yy,m and 2 N s is an additional free parameter.
the cross-power spectrum 3 between the original series and the rescaled ones, i.e. S yy 2 ,m and S yy 1 2 ,m . If y(i) is constituted by a sum of a few harmonics with fixed phase relationship it is possible to exploit the phase difference between windows m − 2 and m − 1 to orthogonalize S yy z ,m where z ∈ {1/2, 2}, with the rotating factor
The residuals of such orthogonalization process are non zero in self-affine series, because any rescaled harmonic will find its counterpart in the original series and the phase relationships are always randomly distributed. Taking advantage of Schwartz's inequality we can calculate the fractal module cross correlations
Finally considering the possible distortions that could emerge by the finite size of the original series and the coarse graining of y 2 and y 1/2 , we define the fractal power and the percentage of fractal power as
RESULTS AND DISCUSSION
The R/S analysis reveals a clear power law dependence with time for the 6 objects studied in this work (Figure 1 ), thereby implying a strong evidence of the fractal nature of their light curves. In addition, for each light curve we found at least two R/S log-log linear regimes, the first with slope α = 1 for t < 10 −1 days, and the second, with star characteristic dependent slope, emerges at t ∈ (10 −1 , 1) days and breaks down at t 10 days. In Figure 2 (lower panels) we observe three different regimes:
• Short periods (10 −2 days). In the range of minutes something similar to white noise is found.
• Medium periods (10 −2 : 10 1 days). From minutes and weeks, emerge the peaks that characterize the oscillation modes of δ Scuti stars; these peaks are intertwined with one or more regions with power law behavior β ∼ 0. Only in some cases such a power law have a clear positive slope, e.g. HD 48784, which endures up to the final observation time. Comparing upper and lower panels one can appreciate that the change in R/S slope corresponds to the period of fundamental radial mode, and in the second R/S linear regime we found both oscillating modes (included in the band of both panels) and a typical fractal regime, characterized by a noise similar to fractional Gaussian noise (α around 0.5 and β ∼ 0), with some indication of multifractality, i.e. β 2α − 1 (see section 3.2). Some additional clues of the presence of multifractality are given by wavelet analysis, employed to study Mantegazza et al. (2012) for HD 174936, HD,174966, HD 48784, HD 49434, HD 50844, and HD 50870, respectively . Note that in log-log representations abscissa are inverted, i.e. log(frequency) = log(period) −1 ) = − log(period). the Multifractal Singularity Spectra (see Figure A4 in Appendix A2). We include the values of α and MSS width ∆α in Table 2 for completeness.
• High periods (> 10 1 days). The power law behavior in this case could be the actual fingerprint of rotation and/or turbulence phenomena typical of the convective envelope.
The physical origin of the low periods fractal regime with R/S α = 1 and power spectra exponent β = 0 is still unclear. Due to the short time range, data series are at most 270 points long (10 −1 days with 32s of sampling), so R/S may be biased, and an extended study might be necessary, eventually with other statistical observables.
Our assumption is that CGSA is able to detect in the light curve only the contribution from stochastic, power-lawdistributed, and linearly-generated noise, filtering out the contribution from oscillation modes, non-linear noise and chaotic dynamic. These results are in line with those of Yamamoto & Hughson (1993) . Exponents α seem to be in proportionality with %Frac value, see Table 2 , although further investigation with a larger dataset is needed. In order to distinguish between the contributions to CGSA due to linearly generated noise and the ones coming from deterministic/stochastic nonlinear dynamic and low dimensional chaos, we analyzed the surrogated signals obtained by Fourier phase randomizing. This analysis has been previously developed and exploited for multifractal partition function studies (Provenzale et al. 1993 ) and correlation exponents (Provenzale et al. 1992) , so that if the correlation exponent converges also for the surrogate signal, then the origin of the convergence in the original time series cannot be related to its phase-space structure, and the hypothesis of nonlinear dynamic or low-dimensional chaos has to be rejected. The same authors concluded that %Frac of theoretical low-dimensional, non-linear, chaotic systems were not affected by Fourier phase randomizing. Since light curves are composed by a superposition of deterministic phaselocked oscillators, regular and/or chaotic, and stochastic background, linear and/or nonlinear, we used Fourier phase randomizing to separate linear stochastic component from the rest. In most of the curves analyzed %Frac ≈ %Frac pr , which could be a fingerprint of chaos and/or nonlinearity in the emergence of the signal (Yamamoto & Hughson 1993) . On the contrary, the difference between %Frac and the phase randomized %Frac pr gives us an indication on the significance of power law noise in the whole signal.
In order to better understand how %Frac can help in the analysis of modes and background noise, we study differ- Figure 3 . CGSA %Fr ac vs window size τ for the 6 Corot δ-Scuti stars analyzed in this study. For each τ CGSA algorithm analyzed the 90% of the total length, performing the cross-spectra orthogonalization among N s = 50 partially overlapping subsets. ent temporal window sizes, i.e. we measure the mean value < %Frac > τ over non-overlapping temporal windows with variable size τ (Figure 3 ). As expected, in all the curves < %Frac > τ is decreasing with increasing window size s. This is because in larger windows are included more modes to the background, so that the total amount of fractality decreases, resulting eventually in a sort of sigmoidal curve. By exploiting this behavior one could develop a new criterion for selecting the temporal range where the modes can be computed (Pascual-Granado et al. 2018) , by finding lower and upper plateau in the curve. Interestingly, the two stars showing γ Doradus pulsations (HD 49434 and HD 48784) show a quasi logarithmic decay (linear in log scale) whilst the remaining pure δ Scuti stars show a kind of linear decay. The δ Scuti stars here studied exhibit the highest amplitudes in a thin frequency region, which can be evaluated by mean of non-adiabatic contributions in the κ mechanism model (Moya et al. 2004 ). On the other hand, the slower decaying of γ Doradus may be due to a more homogeneous distribution of modes with quasi equal amplitude, similar to the background noise, see figure 2. Such modes are known to be excited by the blocking of convective flux (Guzik et al. 2000) . This behavior, if confirmed with further studies, would provide a direct evidence for the presence of an external convec- tive zone, since the convective blocking mechanism, responsible for maintaining the g modes, can only operate if the outer convective layer has a depth between 3 and 9 per cent of the stellar radius. It is worth assessing in future works if fractal analysis can constrain the size of such external convective envelope. This definitely would help to solve the mystery of the co-existence of pure δ Sct / γ Dor and hybrid pulsators.
TOY MODEL FOR HD50870 FRACTAL FINGERPRINT
We developed a toy model with the purpose to reproduce, at least qualitatively, the fractal fingerprint of HD50870. Let us focus on the power spectra of figure 4. We modeled the flat spectra in low period (high frequency) domain with a Gaussian white noise η(t) (see appendix A1). This the most simple signal producing a flat spectra. It is reasonable to choose it because %Frac ∼ 1 in this regime. Then, we add the 24 oscillation modes studied in Mantegazza et al. (2012) , i.e.
. This is shown in the upper left panel of Figure 4 . There is a lack of any other information from R/S analysis and multifractal analysis; in fact the first α ∼ 1 R/S slope is due to the predominant amplitude of the main oscillation modes, and it is very hard to filter out the algorithm artifacts of multifractal analysis with temporal windows of 10 −2 days (27 points at most). This simple model produce the peak jumps in spectra around period ≈ 10 −1 . If we add an additional component which is the first variable Lc(t) of Lorenz model (Lorenz 1963) , the model reproduces the flat step in high period/low frequency spectra (see bottom right panel of Figure 4 ). With a proper choice of the relative amplitude for each signal the resulting synthetic signal is:
Such signal resembles the fractal fingerprint of the data, as it is possible to appreciate in the good correspondence with R/S and power spectra analysis. Neglecting the term with η(t) results in a more complex low period/high frequency spectra (see figure 4 Up-Right panel), while without Lc(t) in high period/low frequency regime the power spectra flat step disappears, and the slope of R/S is almost flat (see figure 4 Up-Left panel). It is possible to employ other kind of signals, deterministic or stochastic, to reproduce the high period/low frequency regime with a certain qualitative accuracy, for instance a low-pass filtered fGn, see figure 4 Bottom-Left panel. It is very important to go deep inside the essential properties and dynamics of high periods fluctuations, originated by granulation and/or rotational effects; in this context the definitive analysis could be the multifractal analysis in that regime. The profile of %Frac vs t match very well the data for any synthetic model including f (t) (see Figure 5 ), suggesting that its decaying shape is mainly dependent on the number, the amplitude and the frequency location of the pulsation modes.
However, the transition between low and high period regimes is smoother with a Lorenz model and resembles the results obtained with CoRoT data.
We have chosen HD50870 for the qualitative analysis through a toy model for simplicity but in our preliminary tests we obtained similar results for the rest of the stars of the set. Therefore, binarity or other specific characteristics of this object are not related to the results shown in this section.
CONCLUSIONS AND FUTURE PROSPECTS
This work aimed at detecting any fingerprint of fractal behavior in the light curves of δ Scuti stars that may help to better understand their frequency content. To accomplish this objective we first undertook an investigation of the statistical techniques and algorithms better suited for this task, that is, those providing sufficient sensitivity to fractality at the different time scales present in the light curves of δ Scuti stars. We came up with two: Rescaled Range Analysis and Coarse Graining Spectral Analysis, a Fourier Transform-based algorithm, which can discriminate stochastic fractal power spectra from the harmonic one. A third technique, Multifractal Singular Spectrum (MSS) was also applied but no conclusive results were found. Indeed, MSS has only tested so far in solar-like stars, which, in contrast with the δ Scuti stars are mainly dominated by the stochastic phenomenon of convection (which also drives their oscillation modes). Even so, we found that MSS has a great potential for spotting different fractal regimes, which will be exploited in future detailed works. R/S analysis reveals a clear power law dependence with time for the 6 objects studied in this work, thereby implying an unambiguous detection of fractality. This analysis revealed three R/S regimes found systematically in all the objects. These regimes are: (1) short periods regime (10 −2 days), where fractal fingerprint of white noise was found; (2) medium periods regime (10 −2 − 10 1 days), where evidences of multifractality were found in the region where the stellar modes pulsate, immediately after the main amplitude oscillating modes. Results are compatible with a combination of deterministic harmonics and a gaussian-like noise; (3) and high periods regime (> 10 1 days), in which the origin is still unclear, although we speculate that this could be the actual fingerprint of rotation and/or turbulence phenomena typical of the convective envelope.
CGSA analysis was performed to filter out the contribution from the stellar oscillation modes, and in general of all chaotic-deterministic or stochastic nonlinear contributions, and thus isolate the fractal behavior of the stochastic, power-law-distributed, and linearly-generated noise. Using the Fourier phase randomizing technique to isolate the linear stochastic component of the signal we found that %Frac measured on samples of phase randomized series is, in most of the cases, close to the original value, which might be a fingerprint of chaos and/or nonlinearity in the emergence of the signal.
The analysis of CGSA variations with the temporal window yielded a different behaviour for pure δ Scuti stars and for those showing γ Doradus pulsations (HD 49434 and HD 48784) . This surprising result may have a significant impact in the determination (and/or constrain) of the size of the external convective envelopes, which helps in solving the puzzling existence of pure δ Sct / γ Dor and hybrid pulsators. The following steps are to apply this technique to a large sample of well-studied δ Scuti stars, including hybrid pulsators (work in progress) with the objective of confirming the present results and finding relations between physical (and asteroseismic) observables with the different fractal parameters studied. Likewise, since we are able to spot the fractal behavior of the different components contributing to the light curves, we plan to apply fractal analysis as an unbiased criterion for detecting oscillation frequencies in the prewhitening process. The most simple model of self affine time series is the Gaussian white noise, i.e. a series y i = y(t i ) where each value is extracted from a Gaussian distribution. In this case the mean value y 2 i , performed over all the possible realizations of y i at time t i , is constant over time. From the self affine equation 1 H = 0, moreover, since the series is totally uncorrelated its Fourier Spectra is flat, i.e. β = 0 , see equation 3. The time series of the displacement of a random walk, the so called Brownian motion, could be obtained by integration of a Gaussian white noise, and has a mean square displacement y(t) 2 ∝ t, thus H = 1 2 and, since β = 2H + 1, β = 2. More in general it is possible to generate series with different values of β by Fourier coefficient filtering and time integration of Gaussian white noise, obtaining stationary Fractional Gaussian Noises (fGn), with β ∈ [−1, 1] and non-stationary Fractional Brownian Motions (fBm), with β ∈ [1, 3] (H ∈ [0, 1]) (Malamud & Turcotte 1999) . When H ∈ [0, 1], a self affine curve is also a geometrical fractal, and the box counting fractal dimension D = 2 − H; for instance the fractal dimension of a Brownian motion is D = 3 2 , something between a line and a square. When we study fGn with β ∈ [−1, 1], H 0 and there is no more linearity between H and β. Thus, in order to characterize a fGn process one needs to transform it into fBm, by series integration, and then perform the R/S analysis, with exponent α β+1 2 . On the other hand with R/S analysis it is possible to find the fractal regimes also in deterministic chaos, like for instance in Lorenz model, one of the first models of chaos describing 
A2 Multifractal analysis
Some time series do not exhibit a simple monofractal scaling behavior, which can be accounted for by a single α scaling exponent, and such different scaling behavior can be observed for many interwoven fractal subsets of the time series. Thus a multitude of scaling exponents, associated with different behaviors of small and large fluctuations, is required for a full description of the scaling behavior and a multifractal analysis must be applied (Kantelhardt 2008) . Multifractal singularity spectrum (MSS) gives us the whole broad range ofᾱ scaling exponents with their relative weights. We numerically compute MSS exploiting Wavelet Analysis. Similarly to the the Fourier transform, the wavelet transform of a discrete time series y(i) is a convolution sum:
where ψ(t) is the mother wavelet, from which all the transform basis functions, i.e. the daughter wavelets ψ [(i − τ)/s], are generated by shifting and stretching of the time axis. The wavelet coefficients L ψ (τ, s) thus depend on both time position τ and scale s. Hence, the local frequency decomposition of the signal is described with a time resolution appropriate for the considered frequency f = 1/s. Wavelet transform performs a sort of local, temporally windowed, Fourier transform. All wavelets ψ(t) must have zero mean. They are often chosen to be orthogonal to polynomial trends, so that the analysis method becomes insensitive to possible trends in the data. In our case we use the Morlet wavelet with complex m order:
In order to compute the MSS we implemented the wavelet transform modulus maxima (WTMM) method, a wellknown method to investigate the multifractal scaling properties of fractal and self affine series in the presence of nonstationarities (Kantelhardt 2008; Torrence & Compo 1998) . Note that in this case the series y(i) are analyzed directly instead of the cumulative profile Y (n) defined in fluctuation analysis. In this method, instead of averaging over all wavelet coefficients, one averages, within the modulomaxima method only the local maxima of |L ψ (τ, s)|. First, one determines for a given scale s, the positions τ j of the local maxima of |L ψ (τ, s)| as a function of τ, so that
Then one sums up the qth power of the maxima,
The reason for the maxima procedure is that the absolute wavelet coefficients |L ψ (τ j , s)| can become arbitrarily small. The analyzing wavelet ψ(x) must always have positive values for some x and negative values for other x, since it has to be orthogonal to possible constant trends. Hence there are always positive and negative terms in the sum of equation A1, and these terms might cancel. If that happens |L ψ (τ j , s)| can become close to zero. Since such small terms would spoil the calculation of negative moments in equation A3, they have to be eliminated by the maxima procedure. The values |L ψ (τ j , s)| might become smaller for increasing s since just more (positive and negative) terms are included in the sum of equation A1, and these might cancel even better. Thus, an additional supremum procedure has been introduced in the WTMM method in order to keep the dependence of Z(q, s) on s monotonous. If, for a given scale s, a maximum at a certain position τ j happens to be smaller than a maximum at τ j ≈ τ j for a lower scale s < s, then |L ψ (τ j , s)| is replaced by |L ψ (τ j , s)| in the sum A3. In our criteria we compared the maximum at different scales s < s only if their temporal distance is
where N(y) is the total length of the series, N max (s ) is the number of maxima at s scale and κ is a multiplicative factor. Scaling behavior is observed for Z(q, s) and scaling exponentŝ τ(q) can be defined that describe how Z(q, s) scales with s,
The exponentsτ(q) characterize the multifractal properties of the series under investigation. Multifractal singularity spectrum f (ᾱ) is related toτ(q) via a Legendre transform,ᾱ
Hereᾱ is the singularity strength or local Hurst exponent, while f (ᾱ) denotes the dimension of the subset of the se- ries that is characterized byᾱ. Such multifractal approach can be considered as a generalized version of the fluctuation analysis method, that make use of the second order fluctuation to find the standard (mono) fractal self-affine exponent in eq.1, i.e. α = 1+τ(2) 2 . A measure of the degree of multifractality considers the range of variation of α local Hurst exponents involved in the time series, i.e. ∆α. The most typical example of model showing a clear multifractality behaviour is the p-model, base on the binomial cascade (Meneveau & Sreenivasan 1987; Drozdz & Oswiecimka 2015; Cheng 2014) . In figures A2 and A3 there is a clear evidence that time series apparently similar in their fractal behaviour under R/S analysis, like fGn (α = 0.5) and p model (p=0.01), have different degrees of multifractality, so that p model with ∆α ∼ 6 is a developed multifractal, while fGn, with ∆α ∼ 0.5, is most likely a mono fractal. The MSS for the 6 δ Scuti stars reported in table 1 gives us some evidences of a mutifractal behaviour, in order of decreasing ∆α for HD48784, HD49434, HD174936 and HD 50870, while HD174966, HD50844 seems to be essentially monofractals, see figure A4 and table A1 for technical details. We are confident that MSS analysis, coupled with %Frac, R/S and power spectrum analysis could allow us to better understand modes deterministic/stochastic/chaotic dynamic and their correspondent excitation mechanisms, depending in some cases on the convective region of the star. However MSS implementation on real data resulted in our work to be very unstable and with a strong dependence on algorithms and their parameters, then further numerical and theoretical work is needed. In De Freitas et al. (2016 ) the authors studied the MSS of solar-like and M dwarfs light curves dataset employing shuffling and phase randomized surrogates procedures, in order to distinguish different sources of multifractality in the time series (Provenzale et al. 1993) . In fact two general types of multifractality in time series can be distinguished: (i) Multifractality due to a broad probability distribution (density function) for the values of the time series, e. g. a Levy or power law distribution. In this case the multifractality cannot be removed by shuffling the series. For this case, the non-Gaussian effects can be weakened by creating phase-randomized surrogates. In this context, the procedure preserves the amplitudes of the Fourier transform and the linear properties of the original series but randomizes the Fourier phases while eliminating nonlinear effects.
(ii) Multifractality due to different long-term correlations of the small and large fluctuations. In this case the probability density function of the values can be a regular distribution with finite moments, e.g., a Gaussian distribution. The corresponding shuffled series will exhibit non-multifractal scaling, since all long-range correlations are destroyed by the shuffling procedure.
To separate the contributions to multifractality of the above described two different sources, it is a very useful technique to study the profilesτ(q) in formula A2 for the original series, for Shuffled and for Phase Randomized surrogate series. Amplitudeτ(q min ) −τ(q M ax ), similarly to ∆α, gives a quan- Figure A4 . Multifractal singularity spectrum analysis for the 6 CoRoT δ-Scuti stars. We employed the wavelet WTMM algorithm. Details on algorithm parameters are specified in table A1.
titative estimation of multifractality, while the difference in the profiles of original seriesτ(q) with shuffled and phase randomized ones gives us the contribution of sources (i) and (ii) to multifractality, see figure A5 . By way of example, it is possible to infer that in HD174936 the contribution of nonlinear dynamics and broadband distribution to multifractality are negligible, since blue and red profiles are almost identical, in HD49434 only the short fluctuations, detected by q < 0 profiles have some nonlinear dynamic involved, while in the rest of curves contribution from long term correlations and nonlinear dynamics seems to be almost equally involved. We believe that a joint analysis of MSS,τ(q) profiles and CGSA %Frac could help to understand and separate quantitatively deterministic non-chaotic behaviour, nonlinear chaotic and stochastic dynamics. In order to obtain this goal we are working in progress on a deeper algorithm performance and data analysis.
A3 Test on CGSA Algorithm sensitivity
In table A2 we report the result of some test of the sensitivity of our CGSA algorithm, applied to a series made by the sum fo a fGn (with standard deviation σ f Gn = 1) with an harmonic signal A sin( f t). For the analysis of self-affine signals, CGSA algorithm is more stable with the introduction of an harmonic function, even with a small amplitude A << σ f Gn , i.e. the standard deviation of %Frac becomes smaller compared with the pure fGn. This is a good point in the interpretation of our analysis, because in an actual light curve we will always have a mix of harmonic modes with self affine background.
This paper has been typeset from a T E X/L A T E X file prepared by the author. Figure A5 . Profilesτ(q) for the original series (green curves), for Shuffled (red curves) and for Phase Randomized (blue curves) surrogate series. 
